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Abstract 

We prove the existence of a smooth curve of periodic traveling wave solutions for the Zakharov 
system. We also show that this type of solutions are nonlinear stable by the periodic flow generated 
for the system mentioned before. An improvement of the work of Ya Ping [37] is made, we prove 
the stability of the solitary wave solutions associated to the Zakharov system. 

Key words. Periodic traveling waves, Solitary waves, Nonlinear Stability, Zakharov System. 

AMS subject classifications. 35Q53; 35B35; 35B10 

1 Introduction 

In this essay we study the periodic Zakharov system 

f iu t +u xx = uv 

[ v u - v xx = (\u\ ) xx , 

where u = u(x, t) G C, v = v(x, ()gR and x, t G K. This system was introduced by Zakharov in [38] 
to describe the long wave Langmuir turbulence in a plasma. The function u = u(x,t) represents the 
slowly varying envelope of the highly oscillatory electric field and v denotes the deviation of the ion 
density from the equilibrium. 

The goal of this paper is to establish the existence and nonlinear stability of periodic traveling wave 
solutions for the Zakharov system. More precisely, we are interested in solutions for (jl.lj) of the form 

u{x, t) = e~ tu]t e^ {x - ct UujA x ~ ct ) and v ( x > t) = ipu>A x ~ ct )i C 1 - 2 ) 
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where uj,c € M and ^ |C ,^^ : K — > M are periodic smooth functions with the same fundamental 
period L > 0. As far as we know any result of stability for this type of waves has been established 
before. The first work about existence and nonlinear stability of periodic waves was made by Ben- 
jamin in [5], where he studied periodic waves of cnoidal type for the Korteweg-de Vries equation. 
This work had some gaps on central parts of the stability theory that was revised and complemented 
by Angulo, Bona and Scialom in [5]. In the last few years some papers about the nonlinear stabil- 
ity on the periodic case have appeared in the literature, see for instance [21 El SI El [3 HH1 QS E21 E3 EH] • 

Substituting the type of solutions given in (|1.2|) in the system f|l . 1[) . we get that 4> — WiC and 
V 1 = VVc have to satisfy the next system of ordinary differential equations, 

f (c 2 - iw = (fy 

(1.3) 

(f> = <fiip. 

Integrating the first equation of the system (|1.3p and substituting on the second one, we obtain after 
some algebra that the solution </> has to satisfy 

where F is the polynomial given by 

F(t) = -t 4 + 2(1 - c 2 ) (-u - ^) * 2 + 4(1 - c 2 )A^ 

and Acf, is a constant of integration. It is clear that the solutions of the equation (ll.l[) depend of the 
roots of the polynomial F. Assuming that F has roots ±771 and ±772 with < 772 < T)i, we obtain the 
smooth curve of dnoidal waves 



/2^ 2 

V *\JF< 

with cj> v and i\) v given by 



+00) .— ► (V>„,<^) € H; er ([0 7 L}) x H; er ([0,L]), for all n e N, 



^(0=*dn(-^-j;Jb) and M = -y^dn 2 fc) 



Here, fc 2 = ??1 )) ^ 2 , ^ = — + ^-J and dn denotes the Jacobi elliptic function of dnoidal type. This 
solutions are constructed with the same fixed minimal period L > 0, not necessarily large. 

With respect to the well-posedness problem for the Zakharov system, on the periodic case, this 
was studied by Bourgain in |12j . where a global well-posedness result was obtained for initial data 
(u(0),v(0),v t (0)) € Hp er x L 2 er x H~e r . It is worth to note that in the periodic case there exists an- 
other more general result about well-posedness for the Zakharov system obtained by Takaoka in |34] , 
but for our purpose the result established by Bourgain is good enough. See also Guo and Shen [2Tj . 
where the existence of classical periodic solutions for the system (jl.ip is proved. On the continuous 
case the Cauchy problem associated to the Zakharov system in one and several dimensions have been 
studied extensively, see for instance [H El HH1 US Efll [23 EH [30l E2l [33] . 



In order to establish the spectral properties of some linear operators which appear in the proof of 
the stability, we use the Floquet theory, more precisely we use the Oscillation Theorem (see Magnus 
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and Winkler [26 ). Our spectral analysis depends basically of the next periodic and semi-periodic 
eigenvalue problems associated to the Lame equation, given respectively by 

y"+[A — m(m + l)fc 2 sn 2 (x, k)]y = 
y(Q) = y(2K(k)), y'(0) = y'(2K (fe)) 

and 

y"+[X - m(m + l)k 2 sn 2 (x, k)]y = 
2/(0) = -y(2K(k)), y'(0) = -y'(2K(k)), 

where A € R, m £ N, sn denotes the Jacobi elliptic function of snoidal type and K is the complete 
elliptic integral of the first type (see Byrd and Friedman [33]). Recently, Neves in [28] proved that is 
possible to characterize the eigenvalues of the Hill operator L(y) = —y" + Q(x)y in L 2 [0, ir] if we know 
explicitly one of the eigenfunctions associated to this eigenvalue (in this case, Q is a C 2 periodic func- 
tion with period tt). Unfortunately, we only had access to this work when we already had concluded 
our spectral results using the associated Lame equation. We are completely sure that this new theory 
can be use to obtain the spectral properties of the operator studied in this paper. 



To obtain our result of stability for the dnoidal wave solutions, we rewrite the Zakharov system as 

v t =-V x , [ V(x,t)dx = 

V t = -(v + \u\ 2 ) x [ -> 
iu t + u xx = uv 

and we adapt to the periodic case the ideas established by Benjamin [TU], Bona [TT] and Weinstein 
[36 , then we impose the restriction 



' vo(x)dx < / ip u (x)da 
o Jo 



where v(x,0) — vq(x), to obtain that the dnoidal waves with c G (—1,1) fixed and v > ^r, are 
orbitally stable in 

X := L 2 per ([0,L}) x L 2 er ([0,L]) x H^ er ([0,L]) 

-2 



by the periodic flow of the system (|1.4|) . Here, L 2 er is given by 



With regard to the existence and stability of solitary wave solutions for the Zakharov system, there 
exists a result obtained by Ya Ping in [37], this work is not completely right. In [37] the author 
considered the equivalent system 

v t = V xx , 

v t = v + M 2 , 

^ iu t + u xx = uv. 

Therefore, the solitary wave solution V(x, t) = tp UlC (x — ct) is given by 



(C) = c^J-Auj - c 2 tanh ( ] . (1.5) 
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Observe that this solution is not in any Sobolev space H S (M.) and Ya ping proved stability in L 2 (M.) x 
H 1 (M.) x i? 1 (R), which is not right because the solution (|1.5j) is not in the space where the author 
proves the stability. One of the goals of this paper is to improve the result of stability, for the solitary 
waves solutions, obtained by Ya Ping. Following the ideas used to establish the stability on the periodic 
case we prove that the solitary wave solutions 



= ( 2^ + V ) sech 2 I v - g I , ^, c (0 = \j x - - ' sech I v ~ " g 



V-4W-C 2 . \ /(-4w-c 2 )(I-c 2 ) /V 3 ^ 



and 99 w>c (0 = c ( 2w + ^- I sech 2 ( — — £ 



are orbitally stable in X = L 2 (M) x L 2 (R) x _ff 1 (]R) by the flow generated by the Zakharov system 
if 1 — c > and 4w + c 2 > 0. It is worth to note that in the continuous case the restriction imposed 
above for the initial datum vq is not necessary, because using the property that the solitary wave solu- 
tions converges to zero, when £ goes to infinity, the term that force to impose this condition disappears. 

The plan of the paper is as follows. The next section is devoted to describe briefly the notation 
that will be used, and to make a few preliminary remarks regarding periodic and nonperiodic Sobolev 
spaces. In Section 3 we prove the existence of a smooth curve of dnoidal wave solutions for the system 
(jl.ll) . Section 4 contains the spectral analysis of some linear operators necessary to obtain our result 
of stability. In Section 5 we present the result of nonlinear stability for the dnoidal wave solutions of 
the system (II. lj) . Finally, in Section 6 we present the result of stability of the solitary waves associated 
to the Zakharov system. 



2 Notation 

The L 2 -based Sobolev spaces of periodic functions are defined as follows (for further details see Iorio 
and Iorio [24]). Let V — C^ r denote the collection of all functions / : K — » C which are C°° and 
periodic with period 2L > 0. The collection V' of all continuous linear functionals from V into C is 
the set of 'periodic distributions. If ^ G V then we denote the value of \& at ip by ^(ip) — ($>,(p). 
Define the functions Ofc(ir) = exp(nikx / L) , fc G Z, i£i The Fourier transform of "J/ is the function 
^ : Z — > C defined by the formula ^(k) = jr(^, p), fc e Z. So, if ^ is a periodic function with period 
2L, we have 

*(fc) = — y ^(x)e ~^dx. 

For s£l, the Sobolev space of order s, denoted by H^ er {[— L, L]) is the set of all / € V such that 
(1 + |fc| 2 )f /(fc) € 1 2 {Z), with norm 

OO 

\\f\\ 2 H}er =2L (l + |fc| 2 ) s |/(fc)| 2 . 

k— — oo 

We also note that H^ er is a Hilbert space with respect to the inner product 

oo 

(f\g) s =2L (l + \k\ 2 yf(k)W) 

71 — - — OO 

In the case s — 0, is a Hilbert space that is isometrically isomorphic to L 2 ([— L, L]) and 



(f\g)o = (f,g) = 
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The space H® er will be denoted by L 2 er and its norm will be || • \\l 2 ■ Of course H^ er C L 2 er , for 
any s > 0. Moreover, (Hp er )' , the topological dual of Hp er , is isometrically isomorphic to H~ e s r for all 
seM. The duality is implemented concretely by the pairing 

oo 

(f,g) s = 2L Yl f( k )W), for /eff-/ r , geH; er . 

k—~oc 

Thus, if / G Lp er and 5 e Hp er , with s > 0, it follows that (f,g) s = (/,#)• Additionally in the 
particular case s — \ we will denote the pairing (f,g) s simply by (/, g). One of Sobolev's Lemmas in 
this context states that if s > | and 



C per = {/ : R — 5- C I / is continuous and periodic with period 2L}, 



then Hp er <^-> C pe r- 



Let s e R. The (1? type) Sobolev space H S (R) is the collection of all / e S'(7£) such that 
(1 + |C| 2 )*/ S L 2 (R, e?£) , that is, / is a measurable function and 



ll/li: = / (i + mi/(0rde<oo. 

For more details see Iorio and Iorio [24]. Finally, we say that b e i/ _1 (R) if there exists V G L 2 (M) 
such that = -V and ||6|| = \\V\\ L 2. 



3 Existence of dnoidal wave solutions 

In this section we show the existence of a smooth curve of dnoidal wave solutions, with the same 
fundamental period, for the Zakharov system. In this case, we are interested in solutions for the 
system (jl.lj) in the form given in (|1.2j) . Since it is a periodic function (with period L), for c ^ we 
suppose that there exists m € N such that L = . Note that for c = we obtain immediately that 
u is a L-periodic function. Substituting (|1.2p in we have that <ft = <p UtC and ip = VVc have to 

satisfy (|1.3[) . Integrating the first equation in (11.3[) we obtain 

( C 2 -l)^' = (0 2 )' + ao . (3.1) 

Using the fact that 2 and ip are periodic we get that ao = 0. Therefore 

(c 2 - 1)0' = (0 2 )'. (3.2) 

Integrating fl3.2[) , we have that for all c ^ 1 

0=f^+ai. (3.3) 
1 — cr 

We assume in our theory that the constant of integration a\ is zero. Thus, substituting (13.3[) in the 
second equation of (|1.3|) we have that 

-2 = 0. (3.4) 



4/^1- 

Now, multiplying (|3.4[) by 0' and integrating once, we arrived at 

IM\ 2 / „2\ i2 j,i 



4; 2 4(1- c 2 ) 



= A, 
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where A$ is a constant of integration. Then 

= "2(1 - c 2 ) 

where F is a polynomial given by 



') 2 = mh) F ^ 



F(/) = -/' ■>[\-,- 2 )(-u-j-a 1 )l 2 + M\ - c 2 )A, . 

Suppose that F has roots ±771 and ±772 (note that F is even) and without loss of generality that 
< t/2 < 771. Thus, we can write 

(<t>'f = ^J^T^ 2 *&M ~ ( 3 - 5 ) 
Assume also that 1 — c 2 > 0, then the left side of (13.51) is not negative, therefore we have that 

vi <4> 2 < vl 

Since we are interested in positive solutions, from the last inequality we obtain 772 < <f> < 771. Using 
751) we get that the ijj 's satisfy 

4(1 - c 2 )A = -77 2 77 2 2 . 

From the last system, we get the restriction 4cj + c 2 < 0. 

Now, define = & 2 = Vl n 'i >2 and assume that g(0) = 1. Thus, we can rewrite the equation 
(575) as 

(e') a = 2(i37^y( 1 -e a )(e a + * 2 - 1 )- ( 3 - 6 ) 

Finally, define x through the relation p 2 = 1 — k 2 sin 2 with x(0) = 0, then (I3.6[) can be reduce to 

[Xf - 2(1 ^ c2) (l-fc 2 sin 2 X ). (3.7) 

From (|3.7|) we obtain after some algebra that, 

eft 77^ 







VI - P sin i V^O-?) 



(3.8) 



Using the identity fl3.8p , we obtain from the definition of the Jacobi elliptic functions (see Byrd and 
Friedman [14]) that 

sin( X (g)) = sn I =gl = ;fc) . 



V^l-c*)' 



Therefore 



? (0 = Vl - fc 2 sin 2 ( X (0) = Jl- Psn 2 ( -^i=; fcj = dn f -0=-, k ) , 
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where we use the fact that fc 2 sn 2 + dn =1. Coming back to the variable we obtain that 

^ )C (0 = r?idn( JS^fc) (3.9) 

and using (|3.3[) we arrive at 

^)=-ii dn2 (7fe ;fc )- (3 - io) 

Now, since dn has fundamental period 2K, where K = K(k) is the complete elliptic integral of the 
first type (see Byrd and Friedman |14j). we obtain that <f> e ip have fundamental period given by 



2^/2(1 -c 2 ) , . 

Fix w and c such that 1 — c 2 > and 4w + c 2 < 0. Additionally, define 

„2 S 



and a = 1 — c 2 . 



Then n\ +n% = 2va and consequently < 772 < y/TJa < 7/1 < \j2va. We express T^, and as functions 
of the parameter 772 , 

2V(i») = r,{ m ) = with fc 2 (^ 2 ) = 2 ; Q = 2 f . 

\J2va — r/2 zva ~ V2 

Note that if 772 — > 0, we have that ^(772) — > 1~, which implies that K(k(r)2)) — > +00 and consequently 
T^jT^ —> +00. On the other hand, when 772 — > \fva we get that ^(772) — > + and then K(k(rj2)) — ► f ■ 
Therefore T^.T^ — > ^j=I. Since the function 772 G (0, -07a) M> 1^(772) = 10(772) is strictly decreasing 
(we prove this fact later) we obtain 

T - T > ^ 
J- 4, = J- ifi > — 

Now, for L > and 1 — c 2 > fixed, chose ^ > such that > ZL ^- Then, it follows from the 
analysis given above that there exists a unique 772 = 772 (v) € (0, \Jvol) such that the dnoidal waves 
<j) = 0(-; 771 (i^) , 772 (^)) and ijj = ip(-\ 771 (1/), 772(f)) have fundamental period L — T^fa) — 10(772)- 

Remark 3.1 The formula \3. 9\) and i3. 1 0\) contains, at least formally, the solitary wave solutions for 
the system fZHP found by Ya Ping in 1371. In fact, 7/772 — > + we obtain that 771 — > \j2vct, k(r\2) — > 1~ 
and dn(x, 1~) = sech(x). Consequently 



4>c,lo{x) = — ^ — — sec/t ( a; ] cmd 



, 1,2/ V— 4cj — c 2 

Vc,ui(x) = [ 2uj + — J sec/i 

Theorem 3.2 Le/j L > and 1 — c 2 > &e arbitrarily fixed. Consider vq > cmd £/ie unique 
m,0 = »?2,o(^o) G (0, V^o") smc/i i/iai = L = T^ o . Then, 

(i) there exist intervals I(vq) and -6(772,0) around vq and 772,0 respectively, and a unique smooth 
function A : — > -6(772.0) such that A(uq) = 772,0 and 

lV ~ f K(k)=L, 



^J2va - i)\ 
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for all v £ I{vo), r/2 — A(f) and 

e = e { „) = 2 -p^4. (3.1D 

2vct — r/2 

Furthermore, we can chose /(^o) = (^-,+00). 

(ii) The dnoidal waves ip(; 1/1, r/2) and 0(-; 771 , 772) given by \3. 9\) and \3.1(J\) , and determined by 
r/i = r)i(v), r/2 — i/2(y) — A(u), with r/ 2 + r/ 2 = 2va, have fundamental period L and satisfy VS. 3\) and 
{3.4]) - Furthermore, the map 

v <= liWo) 1 > flity), r/2{v)), 4>{-;r/i Mi ^M)) £ H£ er ([Q, L}) x i?™ er ([0, L]) 

is smooth for all integer n > 1 . 

(Hi) The map A : I(yo) — > -8(772,0) * s strictly decreasing. Therefore, from A3.11\) , v i-> k(y) is a 
strictly increasing function. 

Proof: The proof of this theorem follows the same ideas of the Theorem 2.1 in Angulo [I], we will use 
the Implicit Function Theorem. For this, consider the open set 



fl = I € M 2 : v > and r/ e (0,y/ua)\ 



and r : ft — > K defined as 

2\/2a 

r(ry, u) = -j=L _ ^ K(k( V , u)) - L, 

where 

9 , . 2va~2r/ 2 

From the hypothesis, we have that r(?72.o,^o) = 0. We proof that ^ < in 51. In fact, we use the 
next relation 

dK(k) E(k)-k' 2 K(k) . . , 

—t 1 = kk a ^ ^ with fc e (0, 1), (3.13) 

where E = E(k) is the complete elliptic integral of the second type and k' 2 = 1 — k 2 is the comple- 
mentary modulus. Deriving (13.121) with respect to 77, we obtain that 



dk 2r/va 



dr/ k(2vct — r/ 2 ) 2 

Then from (|3T3]) and (|3~14| we obtain 

dT 2r/V2~a Tjr 4r/vaV2~a 



(3.14) 



K{k) - 



dr/ (2va - r/ 2 )^ (2va-if) 



E(k) - k' 2 K(k) 



k 2 k' 2 



Thus, 



dT 

— < <^ k 2 k' 2 (2va - r/ 2 )K(k) < 2vaE(k) - 2vak' 2 K(k) 
or/ 

O k' 2 {2va - 2r/ 2 )K(k) + 2vak' 2 K{k) < 2vctE{k) 
2vak' 2 

(l + fc /2) g ( fc ) < vaE ( k ) (1 + fc' 2 )£(fc) - 2k /2 K(k) > 0. 



Since the last inequality always holds, we obtain that |£ < 0. By the Implicit Function Theorem 
we have that there exists an interval I(vq) around (fo), an interval B(r/2fl) around 772,0 and a smooth 
function A : I{vq) — > 5(772,0) such that A(v ) — 1/2,0 and 

r(A(i/),i/) = o, Vi/ei^o)- 
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Additionally, since vq was chosen arbitrarily in I = ^^j-,+ooJ and from the uniqueness of A, we 
extend A to /. The part (ii) is immediate, using the smoothness of the function involved. 

Now, we prove that A is an strictly decreasing function. For this note that T(A(v), v) = L for all 
v G I(vq) then, using again the Implicit Function Theorem we get that 

i z / \ dT/dv 



Since < 0, we just have to prove that ^ < in I(vq). In fact, since 



dT 2aV2a 



dv (2va - n 2 f/ 2 
and ij 2 = (2va — n 2 )k' 2 , we obtain 



-K 



dK n 



2 



dk k(2va — rf) 



dY ri 2 dK , 9 dK 

— < ^ ' r — <K& k —— - kK < 0. 

dv yj2va- n 2 ^2va - 2n 2 dk dk 

From (|3.13p . we arrived at 

|E < o & _ fcx < o E < K. 

ov k 

Since the last inequality always holds for any k € (0, 1) (see Byrd and Friedman [H]), we obtain the 
desired result. 



Finally, deriving k with respect to v, we obtain 

dk ar)(r) — 2rj v) 



>0, 



dv k(2va — rj 2 ) 2 

which proves that v t— > k(v) is strictly increasing function, this finishes the proof of the theorem. □ 

The next result will be used in the prove of the stability of the dnoidal waves solutions. 

Corolary 3.3 Let L > and c be arbitrarily fixed with 1 — c 2 > 0. Consider the smooth curve of 
dnoidal waves v g ^^-,+oo^ i — > </)„(•; 7/1 (j/), 7/2 (z^)) determined by Theorem VS .'A Then 



5jf *«w> a 



Proof: Using the facts that r\\L = 2^/2(1 — c 2 )K(k) and L dn 2 (y)dy = E{k) (see Byrd and Friedman 
[14]) we get that 

ti{ti)dZ = 2W2(l-c 2 ) [ K dn 2 {y- k)dy = 8(1 ~ ^ K{k)E{k). 
io Jo L 

Since k i— > K(k)E(k) and v t—¥ k(v) are strictly increasing functions we obtain 

dv J L dk dv 

This finishes the proof of the corollary. □ 
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4 Spectral Analysis 



In this part of the paper, we study some spectral properties of various operators which will be necessary 
to obtain our result of stability. First, note that the system can be rewritten as 



V x , / V{x,t)dx = 
Jo 

V t = -{v + \u\ 2 ) x 
k iu t + u xx = uv 



(4.1) 



Therefore, we have the Hamiltonian structure ^ 



JE'(U) where U — (u, 7, m)*, J is the linear 



skew-symmetric operator given by 



J = 



-I o 











and E is the energy functional define as 



E(v,V,u) 



1 



2\u x \ 2 +v 2 + V 2 + 2v\u\ 2 dx. 



We also use the functionals Q\ and Q2 defined as 

r-L 



Qi(v t V,u) 



uV + lm(u x u) dx and Q2{v,V,u) 



\u\ 2 dx. 



(4.2) 



(4.3) 



A standard analysis proves that E, Qi and Q2 are conserved quantities of the system (|4.1|) . i.e., 

E(v(t), V(t), u(t)) = E(v(0), V(0), u(0)), Qi(«(t), 7(£), u(i)) = Qi («(«), 7(0), u(0)) 

and Q 3 (v(t), V(t), u(i)) = Q 2 («(0), 7(0), u(0)) 
for all £ G [— T, T], where T is the maximal time of existence of solutions. 

Now, suppose that V(x,t) = <£ui,c{% ~ ct)i with <p UtC : M — > M a smooth L— periodic function, is 
solution of Vt = — V x , then 

c<c = vL,c- ( 4 - 4 ) 
Therefore, cip = (p + do, where do is a constant of integration. Since we are interested in tp with 
zero mean, we obtain that rf — % J Q L ipdx. Using tha fact that J Q K dn 2 (x, k)dx = E(k) we get that 

do (Jfe) = -^4s Therefore 



l-c 2 KXfc] ' 



<K0 



l-c 2 



dn 



^2(1 -c 2 )' 



i^(fc) 



(4.5) 



It is worth to note that if 772 — > + , then 771 — > \j2uv and therefore fc — » 1 . Since dn(u, 1 ) 
sech(u), E(l) — ~ and K(l) = +00 we arrive at 



tp(Z) = c[2u + — I Mvlr 



which is the solitary wave solution for (|4.4I) . 
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Now, using the Theorem 13.21 we have that there exist periodic traveling waves for (|4.ip given by 

(y u , e (x - ct),<p u , c (x - ct), e-^VS^-^cfc - ctj) , 

where 

MQ = ^ (^fe^ ») . MO = *d» (^L=; *) (4.6) 



2 

and ^, C (0=-T— —■ 



dn ■ ' ! 



^(i-c 2 )' ; 

The next operators will be useful in the proof of the stability of the dnoidal wave solutions: 



(4.7) 



£ 3 = -^-^ + T j + 3^ and U = -~ 2 - \u + + * (4.8) 

We will study the spectral properties of the operators £j, i = 3,4. Recall that cr(A) = cr ess (£j) U 
&disc(£i) where <j ess (£i) and <Jdisc(£i) denote, respectively, the essential spectrum and the point 
spectrum of £, (see Reed and Simon [31]). Write 

£i = (-^-(" + t)) +3 *= :£ + m '- 

where £ = — -4^ — (w + %-)• Since Mi and M2 are relatively compact with respect to C, it follows from 
the Weyl's Essential Spectrum Theorem (see Reed and Simon [3T]) that a ess (£i) = a ess (C) = 0, with 
i = 3,4. Thus cr(Ci) — Udisci^i), para i = 3,4. Therefore we have to analyze the periodic eigenvalue 
problem on [0, L\ 

| AX = AX (4 9) 

\x(0)=x(L), X '(0)=X'(L). y -> 

The problem (|4.9[) determines that the spectrum of £, is a countable set of eigenvalues {A„ : n = 
0,1,2,3,...} with 

A < A! < A 2 < A 3 < • • • , 

where the double eigenvalues are counted twice and A — > +00 when n — > 00. We denote by x„ the 
cigcnfunctions associated to the eigenvalue A„. It is clear from the conditions x(0) = x(£),x'(0) = 
x'(L) that Xn can be extended to all (—00, +00) as a continuous differentiable function with period L. 
We know from the Floquet theory that the periodic eigenvalue problem (|4.9[) is related to the study 
of the next semi-periodic eigenvalue problem consider in [0, L] 

J dn = [in 

\ r,(0) = - V (L), r/(0) = -rj'(L), 

which also is a self-adjoint problem and therefore determines a sequence of eigenvalues {fi n : n = 
0,1,2,3...} with 

A*o < Ml < i"2 < A*3 < • • • , 

where the double eigenvalues are counted twice and fj, n — > +00 when n — > 00. We denote by ry ra the 
cigenfunction associated to the eigenvalue jj, n . 
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Theorem 4.1 Let 4> u = cj> and ip„ = tp the dnoidal waves given by Theorem \3.%\ Then, 

(i) the operator £,3 in f^.<j?| ) defined in L 2 er ([0, L]) with domain H 2 er ([0, L}) has its fist three eigen- 
values simple, where zero is the second one with associated eigenfunction (j)' . Furthermore, the rest of 
the spectrum is constitute by a discrete set of eigenvalues which are double. 

(ii) The operator £4 in defined in L 2 er ([0, L]) with domain H 2 er ([0, L}) has zero as its first 
eigenvalue which is simple with associated eigenfunction <f>. Furthermore, the rest of the spectrum is 
constitute by a discrete set of eigenvalues. 

Proof: (i) The proof is based on the Floquet Theory (see Eastham [17], Mangnus and Winkler [26]V 
Deriving (|3.4|) and using (|3.3j) we have that £3^' = 0. Then zero is an eigenvalue of £3 with associated 
eigenfunction <f>' . Since 0' has exactly two zeros on [0,L), we get that zero is either the second or the 
third eigenvalue of £3. We will prove that zero is in fact the second one. For this we have to study 
the periodic problem 

{ C3X = XX (4.10) 
\X(0)=X(L), X '(0)=X'(L). 1 ; 

Let A(x) — x(v x ) where rj = a^Is. Then, from the explicit form of tp and the relation fc 2 sn 2 +dn 2 = l,we 
have that the problem (14. 10)) is equivalent to 

U // +[p-6k 2 S n 2 (x;k)}A = 
\ A(0) = A(2K), A'(0) = A'(2K), 

where 

_ 2a /X c 2 3r/l 



1 n 2 \2 ' ~ ' 4 ' a 
The second order equation given in (14. lip is called the Jacobian form of the Lame equation. It is well 
known that such equation determines the existence of exactly three intervals of instability (see Theorem 
7.8 in Mangnus and Winkler We will show that this intervals are the first three. First, observe 

that pi — 4 + fc 2 and Ai(x) = cn(x; k)sn(x; k) satisfy the problem (|4.11[) . Furthermore, following Ince 
[23] we have that the functions 

A (a:) = 1 - (1 + k 2 - v 7 ! + k 2 + fc 4 )sn 2 (x; k), 



A a (x) = 1 - (1 + k 2 + vT+k 2 +¥)sn 2 (x; k), 
which have period 2K, are the eigenfunctions of (|4.1ip with eigenvalues given by 



p = 2 ( 1 + k 2 - VT + k 2 + k 4 ) and p 2 = 2 ( 1 + k 2 - y/l + k 2 + k 4 



Since A does not have zeros in [0, 2K], it follows that p is the first eigenvalue of (|4.1ip . Furthermore, 
since A 2 has two zeros in [0, 2K ) and p\ < P2, we have that pi is the second eigenvalue of (|4.11l) and 
p 2 is the third. We also have that po,Pi and p 2 are simple. Now, since the eigenvalues of (|4.10p and 
(14.111) are related as 

a 



we can see A as a function of p, which is increasing. Since k 2 — 2 = =^f, we have that \(pi) = = Ai 



-2 o _ lav 
■ iii^icciDiiig. oiiiv^c r — 

and since Ao < Ai < A2, we obtain that 

A < = Ai < A 2 . 

This finishes the proof of the part (%). 

(ii) Using (|3.4p and (|3.3p we have that dcf) — 0. Thus, zero is an eigenvalue of £4 with associated 
eigenfunction <f>. Since does not have zeros in [0,L] we obtain that zero is the first eigenvalue of £4 
and it is simple. □ 
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5 Nonlinear Stability for the Dnoidal Wave Solutions 

In this section we study the nonlinear stability properties of the periodic traveling wave solution $(£) = 
¥>(£)) where ip, and <j> are given by (j4~6|) . (|4T7|) . 4>(£) = e l ^4>{Q and 1 - c 2 > 0. First, we 
define the type of stability in which we are interested: Let X := L per ([0, L}) x L 2 er ([0, L])x H per ([0, L]), 
where 

L 2 per ([0,L}) = \feL 2 per ([0,L}): [ f(x)dx = 1 . 



Initially, observe that the system (|4.ip has two basic symmetries: translations and rotations. This 
means that if (v(x,t), V(x,t),u(x,t)) is a solution of (14.11) . then the pair of functions 

(v(x + y), V(x + y),u(x + y)) and (v(x, t), V(x, t), e~ ls u(x, t)) 

are also solutions, for any real constants y and s. So, our notion of stability will be modulus these 
symmetries. More precisely, 

Definition 5.1 We say that the orbit generated by <&(£), namely 



{ + y)),<p(. + y)),e i0 j(- + y)) : (d, y) G [0, 2tt) x «} 



is stable in X by the flow generated by the system ■-?[ ), if for all e > 0, there exists 5 > such that 
for any (vq, Vo,uq) £ X satisfying 

IN - i>\\Ll er < S> \\Vo ~ 9f||i| er < 8 and \\u - <?|| ff i er < S, 

we have that the solution (v,V,u) of the system with (v(0),V(0),u(0)) — (vq,Vo,uq), satisfies 

(v,V,u) e C(R;L 2 per ([0,L})) x C7(R; L 2 per ([0, L])) x C(R;H^ er ([0,L})), 

inf \\v(-+y,t)-i>\\ L 2 <e, inf \\V(- + y,t) - <^|| L 2 < e (5.1) 

and inf \\e ie u(- + y, t) - M H i < e. (5.2) 

9G [0,2ti-), yen p " r 

Otherwise, we say that $ X-unstable. 

Next, we present our result of stability for the dnoidal waves. 

Theorem 5.2 Let L > and 1 — c 2 > be fixed numbers. Consider the smooth curve of periodic 
traveling wave solutions for the system fr4-l\ l, v H (-0„, i^, </>;,), determined by the Theorem Iff. PI and 

J^.5[ ). Then, for v > 2 p- £/ie or&it generated by &„(x,t) — (^p u (x),ip u (x),(f> u (x)^ is stable in X by the 

periodic flow generated by the system \4-l\ ), if the initial datum (t> ,Vo,uo) satisfies 

vo(x)dx < / ip(x)dx. 
Jo 

Proof: Consider {ty v ,tp V: 4> v ) the solution of (|4.1j) given by Theorem l3.2l For (v , Vb, u q ) e £ 2 ([0, L\) x 
L 2 er ([0,L]) x Hp er ([0, L\) and (v, V,w) the global solution for (|4.1[) corresponding to this initial data, 
we define for t > and ^ > ^j- 

n t Cy,6) = \\e w {T c u)'(-+y,t)-^\\l 2 + v\\e l6 (T c u)( : + y, t) - ^|| 2 2 , 
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where we denote by T c the bounded linear operator define as 

(T c u)(x,t) = e- lc(x - ct)/2 u{x,t). 

Then, the deviation of the solution u(t) from the orbit generated by <£> is measure by 

p u (u(;t),^) 2 :=inf {fi t (y,0) ■ (y,9) e [0,L] X [0,2*]}. (5.3) 

Therefore, from (|5.3p we have that for each t the inf £lt(y, 9) is attained in (9, y) = (9(t),y(t)). Consider 
the perturbation of the periodic wave (tp, (p, 4>) 



Z{x,t) = e ie {T c u){x + y,t)-<]> v (x) 
T](x, t) = V(x + y,t) — <p v (x) 
7(x, t) = v(x + y,t) - ip„(x). 



(5.4) 



By the property of minimum of (8, y) — (9(t), y(t)), we obtain from (|5.4I) that p(x, t) — Re(£(x, t)) and 
q(x,t) = Im(£(x, t)) satisfy the compatibility relations 




q(x,t)(f>v(x)ip u (x)dx = 



p(x,t){4> u {x)ip v {x))' dx = 0. 



Now, consider the continuous functional B defined in X as 

B(v, V, u) := E(v, V, u) - cQi(«, V, u) - uQ 3 (y, V, u), 
where E, Q 1 and Q 2 were defined in (|4.2p and (|4.3|) . Then, from ([5T4]) and (|5.5p . we get 
A/3:= B(«(t),K(t),u(t))-B(V,¥>,?) 

= (£ 3 p, p) + (£ 4 ?, q) + - I 7 2 + 27b 2 + q 2 )- 4# 2 + 4 7 p0 dx 



(5.5) 



27?/) + ?y + 27793 + 2j<j> — 2c7?/ — 2c-f(p — 2cij)r] dx 



where 



dx 



£3 = — —j - ( w + — + and £4 = - —r - ( cj + — + i\) 



dx 2 



Using the facts that cip — tp = d and rjdx = 0, we obtain 



AB(t) = (C a p,p) + (/Uq,q) + ^J 



y/l — c 2 7 + 



2<t>p 



p z + q z 



1 f 

+ 2 J *-° 7 ~~ ^ ^ 



40p(jj 2 + g 2 ) (p 2 + 9 2 ) 



2\2 



dx 



1 -c 2 



, dx + (cry — ri)(cth — tp)dx 
1 — c z 



= (£3P,p) + (Ag, <?) + ~ J 



y/l - c 2 7 + 



20jj 



p + <r 
7T^ 



rZ.r 



40p(p 2 + (Z 2 ) , (p 2 + g 2 )< 



1-c 2 



dx + cdo / idx 
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Since cdo < 0, J vodx < J Q ip(x)dx and J v{t 1 x)dx — J vo(x)dx, we have that cdo J jdx > 0. 
Therefore 

AB(t)>(£ 3 p 7 p) + (£ 4 q,q) + ±^ 

+ \ [ (rf-vfdx-^Uf^ -C 2 ||£|| 4 ffl , (5.6) 

with d > 0, i= 1,2. 

The estimates for {C^p,p) and (£4(7, q) will be obtain from the next theorems. 

Theorem 5.3 Let 1 — c 2 > and v > ^fr fixed numbers. Consider § v the dnoidal wave given by 
Theorem \3.'A Then 

(a) inf{(£ 3 /,/) : II /II = 1 and (/,£,) = 0} =: a = 

(b) inf{(£ 3 /, /) : ll/H = 1, (/, 4> v ) = and (/, (M v )') = 0} =: a > 0. 

Proof: (a) Since £3 = and (^</v,</>i/) = 0, then cto < 0. We prove that a > using 

Lemma E.l in Weinstein [35] (which works on the periodic case). We first show that the infimum is 
attained. In fact, since <j) v is bounded we have that a is finite, thus there exists {fj} C Hp er ([0, L]) 
with \\fj\\ = 1, {fj,4> v ) = and linij^oo (£3/7, fj) — cxo- Since {fj} is bounded in Hp er ([0,L]) there 
exists a subsequence of {fj}, that we denote again fj, such that fj — v g weakly in i?p er ([Q, £]), then 
/-,- — >• g in Lp er ([0, L]). Therefore (g,<f>„) = and (<f>cfj,fj) —> (<f>g,g) when j — > +00. So g 7^ and 
|| 5 '|Uj er .<liminf||/j|U= er .. 

Now, define / = g/\\g\\ L } er , then (/,<£„) = 0, ||/|Ug er = 1 and 

ao <(«/)< ^ = 00. 

Therefore the infimum is attained. We show now that ceo > 0. In fact, £3 has the spectral properties 
required to use Lemma E.l, we need to find x such that C3X = 4>v and (Xi4>v) < 0. From Theorem 
13.21 we have that v £ ^^-,+00^ 1 — ► <f> v e Hp er ([0, L]) is of class C 1 , then differentiating (|3.4p with 
respect to v we obtain that x — — 4z4>v satisfies £3% = <j>v Using the Corollary 13. 31 we obtain that 

Therefore (x, 4> v ) < 0j which proves that ce > 0. This finishes the proof of part (a). 

(6) Using the part (a), we have that a > 0. Suppose that a = 0. Using a similar argument as in part 
(a) we obtain that there exists / € Hp er ([0, L}) such that ||/||z,3 et , = 1 and (f,<f> v ) = (f, {<t>vil>)') = 0. 
Then, from the theory of Lagrange Multipliers, there exists A, 9 and 6 such that 

£ 3 f = Xf + 6<pv + 6(<p v i> v y. 

Since (£3/, /) = 0, we obtain that A = 0. From the fact that £3^^ = we have 

= S [ L ^{<t>Mdt = --^-j [ L (<t>' u f<t>l d£. 
Jo 1 — c Jo 



VT— c 2 7 + 



20p 



vT 



dx 
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The last inequality implies S = 0, thus £3/ = 9(j)y. Consider x — ~-§o4>vi then we get that Cz(f — 0\) = 
0, thus 

o = (f-e x ,4>u) = -d(x,4>u)- 

Therefore 8 = and consequently there exists s G R \ {0} such that / = s<f)' v , which is absurd. 
Therefore a > 0, which finishes the proof of the theorem. □ 

Theorem 5.4 Let 1 — c 2 > and v > ^j- be fixed numbers. Consider § v and i\) v the dnoidal waves 
given by Theorem \3.Sl Then, 

inf{(£ 4 /, /) : ||/||£j ap = 1 and (/, <j> v ^ v ) = 0} =: (3 > 

Proof: From the spectral properties of £4 is clear that £4 is a nonnegative operator, therefore (3 > 0. 
Suppose that (3 = 0. Then, following the same ideas of the proof of Theorem 15. 3[ we have that the 
infimum is attained on a admissible function g ^ and there exists (A, 9) £ M. 2 such that 

£ 4 .g = Xg + Q^> v ^ v . 

Since (g, fyvtyv) = 0, then A = 0. Furthermore, 

L 

2„ 



0=(£ i <j>,g) = 9 #ty„de, 
Jo 

which implies 6 = 0. Since zero is a simple eigenvalue of £4, there exists sgR\ {0} such that g = s<f>, 
which is absurd. This finishes the proof of the theorem. □ 

Our goal is to estimate the terms (C 3 p,p) and (£49, g), where p and q satisfy (|5.5[) . Using Theorem 
15.41 and definition of £4 , we have that there exists Co > such that 

(Uq,q)>C \\qf Hier . (5.7) 

Now, we estimate (C 3 p,p). Suppose with out loos of generality that ||</f>„|| l 2 = 1- Denote p± = p — p\u 
where pn = (p, (j) u )4>y, then from (|5.5[) we obtain that (p±, 4> v ) = and (p±, (4>v^y)') = 0. From Theo- 
rem [53] it follows that (£3p±,p±) > CollpjJ ? 2 • 

Also consider the normalization Q2(uq) = Q2{4>), i-e., ||uo||z, 2 = ||</v||l 2 • Then ||u(t)||£2 = 1, 
for all t > 0, thus -2(p, <j) v ) = ||£|| 2 2 . Therefore 

(c 3P x,p±) > c \\p ± f Her > c \\ P \\l 2per - CxUW 4 ^. 

Since (£3^, 4> v ) < 0, it follows that (£3^11, P\\) > — C2IICIII/1 ■ From the Cauchy-Schwarz inequality 
we get that (£3^1, > — C , 3||^||| f i . Therefore, from the specific form of the operator £3 we conclude 
that 

(C 3P ,p) > D 1 \\p\\ 2 Hlper D 2 \\pf Hper - D 3 \\pf HpeT , (5.8) 
where Dj > for j = 1,2,3. 

Now, using (|5.6|) . (|5.7j) and (|5.8j) we arrive at 

AB(t)>d 1 mi u -d 2 u\\i iy -d 3 u\\t 

where di > 0, for i = 1,2,3 and ||/|| 2 .^ := ||/'Hx,2 + Hl/llz- 2 • Using a similar argument as in 
Benjamin [TO], we obtain that for any e > 0, there exists 5(e) > such that if 

\\uo-<l>\\i,v<5, \\V -(p\\l* and ||« - V'lU 2 . < 5, 
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then 

Pu{u{t),<t> v f = \m\\i»<z, 

for all t > 0. Therefore we obtain the inequality (|5 . 2|) . 



(5.9) 



Finally, using (|5.6|) and the analysis made above for £ we obtain that 



yl — c 2 7 + 



20p 



? i 9 n 2 



VT 



dx < e and 



(07 — rj) 2 dx < e. 



Using the two last inequalities, the Cauchy-Schwarz inequality and (|5.9[) we arrive at (|5.ip . which 
proves that (ip, <p, </>) is stable with respect to small perturbations that preserves the L 2 er ([Q, L]) norm 
of <fi. The general case follows from the continuity of the map 



v e 



2tt 2 
L 



2 ,+oo ) n- (if),ip,<j)). 



This hnishes the proof of the theorem. 



□ 



6 Stability for the Solitary Wave Solutions 

In this section we improve the result established by Ya Ping in [37] , to obtain a correct stability result 
for the solitary wave solutions associated to the Zakharov system. With regard to the Cauchy problem 
associate to the system (jl.ip we address the reader to the work of Colliander in [16] , where is obtained 
a result of global well-posedness for initial data (u, i>, i>t)(0) € 7J 1 (1R) x L 2 (R) x iJ _1 (R). 

If Vt(x,0) £ _ff~ 1 (R) we can rewrite (jl.ll) as the equivalent system 

v t = -V x , 

V t = -(v + \u\ 2 ) x (6.1) 
iu t + u xx = uv. 

The solitary wave solutions for this system are given by 



. , u2 / V-4a; - c 2 , \ ± /(-4 w -c 2 )(l-c 2 ) u / V-4w - c 2 
^,c(0 = 2w + - sech 2 C , KAO = \ ~ 7T 1 " sech n 



2 



V-4w - r 



.2 



and ^,c(0 = c (^2o; + — J sech ^ £ J . 

As in the periodic case, we have to study the spectral properties of the operators 
d 2 ( c 2 \ d 2 ( c 2 \ 

L 3 = 2 - W + T + 3 ^ and ^4 = 9 ~ W + T + ^' ( 6 - 2 ) 

aa; V 4 / ax \ 4 y 

The spectral properties necessary to obtain our result of stability were established by Ya Ping in [37] . 
See also [37] for the definition of orbital stability for the solitary wave solutions associated to the 
Zakharon system. 



The next theorem is the principal result of this section. 
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Theorem 6.1 Assume that 4ui+c 2 < and 1— c 2 > 0. Then the solitary wave solutions (tpu,ci <Pw,c, 4>ui,c), 
with 4>u, c {x) = e l i x <j> u . c (x), are orbitally stable in X = L 2 er ([0,L}) x L 2 er ([0,L]) x Hp er ([0,L}) by the 
flow generated for the system 16'. 1)) . 

Proof: The proof follows the same ideas of Theorem 15.41 We only observe that in this case 

9 n 2 



AB(t) = (L 3 p,p) + (L 4 q, Q) + \J 



VI - c 2 -f + 



2# 



P 



2 



+ 7} I (crf-rj) 2 dx 



Vl-c 
A(j)p{p 2 + q 2 ) (p 2 + q 2 ) 2 



y/l^c 2 



dx 



1 



1 



dx. 



Note that the constant do does not appear because the decaying properties of the solitary wave solutions 
imply that do = 0. The rest of the proof follows similarly as the result obtained on the periodic case. 

□ 
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